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Abstract The purpose of this paper is to investigate the problem of finding a common
element of the set of solutions of a generalized equilibrium problem (for short, GEP) and
the set of fixed points of a nonexpansive mapping in the setting of Hilbert spaces. By using
well-known Fan-KKM lemma, we derive the existence and uniqueness of a solution of the
auxiliary problem for GEP. On account of this result and Nadler’s theorem, we propose an
iterative scheme by the viscosity approximation method for finding a common element of the
set of solutions of GEP and the set of fixed points of a nonexpansive mapping. Furthermore,
it is proven that the sequences generated by this iterative scheme converge strongly to a
common element of the set of solutions of GEP and the set of fixed points of a nonexpansive
mapping.
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1 Introduction

Let H be a real Hilbert space whose inner product and norm are denoted by 〈., .〉 and ‖ · ‖,
respectively. Let CB(H) be the family of all nonempty closed bounded subsets of H and
H(., .) be the Hausdorff metric on CB(H) defined as

H(U, V ) = max

{
sup
u∈U

d(u, V ), sup
v∈V

d(U, v)

}
, ∀U, V ∈ C B(H),

where d(u, V ) = infv∈V d(u, v), d(U, v) = infu∈U d(u, v) and d(u, v) = ‖u − v‖.
Let C be a nonempty closed convex subset of H . Let ϕ : C → R be a real-valued function,

T : C → CB(H) a multivalued mapping and � : H × C × C → R an equilibrium-like
function, that is, �(w, u, v) + �(w, v, u) = 0 for all (w, u, v) ∈ H × C × C . We consider
the following generalized equilibrium problem (GEP):

(GEP)

{
Find u ∈ C and w ∈ T (u) such that
�(w, u, v) + ϕ(v) − ϕ(u) ≥ 0, ∀v ∈ C.

The set of such solutions u ∈ C of (GEP) is denoted by (GEP)S .

Special Cases:

(i) Given a mapping N : H × H → H , let �(w, u, v) = 〈N (w, u), v − u〉 for all
(w, u, v) ∈ H × C × C , then (GEP) reduces to the following generalized set-valued
strongly nonlinear mixed variational inequality problem:{

Find u ∈ C and w ∈ T (u) such that
〈N (w, u), v − u〉 + ϕ(v) − ϕ(u) ≥ 0, ∀v ∈ C.

It has been considered and studied in Zeng et al. (2005) in the case when C = H .
(ii) If ϕ ≡ 0 and �(w, u, v) ≡ F(u, v) where F : C × C → R, then (GEP) becomes the

equilibrium problem (for short, EP), which is to find u ∈ C such that

F(u, v) ≥ 0, ∀v ∈ C.

The set of such solutions u ∈ C of EP is denoted by EPS .
(iii) Given a mapping T : C → H , let F(u, v) = 〈T u, v − u〉 for all (u, v) ∈ C × C , then

EP reduces to the classical variational inequality problem, which is to find u ∈ C such
that

〈T u, v − u〉 ≥ 0, ∀v ∈ C.

For appropriate and suitable choice of the mapping T , the functions � and ϕ, and the
convex subset K , one can obtain a number of the known classes of variational inequalities and
variational-like inequalities as special cases from (GEP); See, for example, Blum and Oettli
(1994); Zeng et al. (2005) and references therein. It is well known that the numerous problems
from physics, optimization and economics can be written either in the form of (GEP) or its
special cases. In the recent past, some approximation methods have been proposed to solve
EP; See, for example, Combettes and Hirstoaga (2005); Flam and Antipin (1997). Combettes
and Hirstoaga (2005) introduced an iterative scheme for finding the best approximation to
the initial data when EPS is nonempty and proved a strong convergence theorem.

A mapping S : C → H is called nonexpansive if

‖Sx − Sy‖ ≤ ‖x − y‖, ∀x, y ∈ C.
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We denote by F(S) the set of fixed points of S. Recall that if C ⊆ H is a bounded, closed
and convex set and S is a nonexpansive mapping on C into itself, then F(S) �= ∅; For fixed
point theorems for nonexpansive mappings in Hilbert spaces, we refer to Takahashi (2000),
see also, Zeng and Yao (2006a, b). Also, recall that a mapping f : H → H is contractive if
there exists a constant α ∈ (0, 1) such that

‖ f (x) − f (y)‖ ≤ α‖x − y‖, ∀x, y ∈ H.

In 2000, the viscosity approximation method for selecting a particular fixed point of a given
nonexpansive mapping was proposed by Moudafi (2000). He proved the strong convergence
of both implicit and explicit iterative schemes in Hilbert spaces setting. Very recently, Ta-
kahashi and Takahashi (2007) introduced an iterative scheme by viscosity approximation
method for finding a common element of the set of solutions of EP and the set of fixed points
of a nonexpansive mapping defined on a Hilbert space. They proved a strong convergence
theorem which is connected with Combettes and Hirstoaga’s result (Combettes and Hirstoaga
2005) and Wittmann’s result (Wittmann 1992).

In this paper, we investigate the problem of finding a common element of the set of solutions
of (GEP) and the set of fixed points of a nonexpansive mapping defined on a Hilbert space. On
one hand, by using well-known Fan-KKM lemma, we derive the existence and uniqueness of
solutions of the auxiliary problems for (GEP). On the other hand, on account of this result and
Nadler’s theorem, we introduce an iterative scheme by the viscosity approximation method
for finding a common element of the set of solutions of (GEP) and the set of fixed points
of a nonexpansive mapping. Furthermore, it is proven that the sequences generated by this
iterative scheme converge strongly to a common element of the set of solutions of (GEP)
and the set of fixed points of a nonexpansive mapping. Our results are the improvements,
extension and development of the corresponding results in Combettes and Hirstoaga (2005);
Moudafi (2000); Tada and Takahashi (2007) and Takahashi and Takahashi (2007).

2 Preliminaries

Let H be a real Hilbert space with inner product 〈., .〉 and norm ‖ · ‖. It is well known that
for all x, y ∈ H and λ ∈ [0, 1] there holds

‖λx + (1 − λ)y‖2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2.

Let C be a nonempty closed convex subset of H . Then, for any x ∈ H , there exists a unique
nearest point u ∈ C such that

‖x − u‖ ≤ ‖x − v‖, ∀v ∈ C.

The mapping PC : x 
→ u is called metric projection of H onto C . It is known that PC is
nonexpansive. Further, for all x ∈ H and z ∈ C ,

z = PC x ⇔ 〈x − z, z − v〉 ≥ 0, ∀v ∈ C.

Lemma 1 (Takahashi 2000) Let H be a real Hilbert space. Then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, ∀x, y ∈ H.

Throughout this paper, we shall use the notations “⇀" and “→" for weak convergence
and strong convergence, respectively.
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Definition 1 A multivalued map T : C → C B(H) is said to be H-Lipschitz continuous if
there exists a constant µ > 0 such that

H(T (u), T (v)) ≤ µ‖u − v‖, ∀u, v ∈ C,

where H(., .) is the Hausdorff metric on CB(H).

Lemma 2 [Nadler’s theorem (Nadler 1969)] Let (X, ‖ · ‖) be a normed vector space and
H(., .) be a Hausdorff metric on CB(X). If U, V ∈ CB(X), then for any given ε > 0 and
u ∈ U, there exists v ∈ V such that

‖u − v‖ ≤ (1 + ε)H(U, V ).

For all subset B ⊆ H , we denote by co(B) the convex hull of B. A multivalued mapping
G : B → 2H is called a KKM mapping if, for every finite subset {v1, v2, . . . , vn} of B,

co({v1, v2, . . . , vn}) ⊆
n⋃

i=1

G(vi ).

In the next section, we shall use the following result.

Lemma 3 (Fan 1961) Let B be a nonempty subset of a Hausdorff topological vector space
E, and let G : B → 2E be a KKM mapping. If G(x) is closed for all x ∈ B and is compact
for at least one x ∈ B, then

⋂
x∈B G(x) �= ∅.

Lemma 4 (Xu 2002) Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1 − γn)an + δn,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that

(i)
∑∞

n=1 γn = ∞;
(ii) lim sup

n→∞
δn/γn ≤ 0 or

∑∞
n=1 |δn | < ∞.

Then lim
n→∞ an = 0.

Proposition 1 [Takahashi 2000; See also Ansari and Yao 2001, pp. 533] Let D be a
nonempty convex subset of H, and φ : D → R be a lower semicontinuous and convex
functional. Then φ is weakly lower semicontinuous.

3 Auxiliary problem and iterative schemes

Let C be a nonempty closed convex subset of a real Hilbert space H . Let ϕ : C → R be a
real-valued function, T : C → C B(H) be a multivalued map and � : H × C × C → R be
an equilibrium-like function.

To solve the generalized equilibrium problem, let us assume that the equilibrium-like
function � : H ×C×C → R satisfies the following conditions with respect to the multivalued
map T : C → C B(H):

(H1) For each fixed v ∈ C , (w, u) 
→ �(w, u, v) is an upper semicontinuous function from
H × C to R, that is, for (w, u) ∈ H × C , whenever wn → w and un → u as n → ∞,
we have

lim sup
n→∞

�(wn, un, v) ≤ �(w, u, v);
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(H2) For each fixed (w, v) ∈ H × C , u 
→ �(w, u, v) is a concave function;
(H3) For each fixed (w, u) ∈ H × C , v 
→ �(w, u, v) is a convex function.

Given x ∈ C and wx ∈ T (x), we consider the following auxiliary problem for GEP (for
short, AP(GEP)) that consists of finding u ∈ C such that

�(wx , u, v) + ϕ(v) − ϕ(u) + 1

r
〈u − x, v − u〉 ≥ 0, ∀v ∈ C,

where r > 0 is a constant.

Theorem 1 Let C be a nonempty, bounded, closed and convex subset of a real Hilbert space
H, and let ϕ : C → R be a lower semicontinuous and convex functional. Let T : C → CB(H)

be H-Lipschitz continuous with constant µ, and � : H × C × C → R be an equilibrium-like
function satisfying (H1)–(H3). Let r > 0 be a constant. For each x ∈ C, take wx ∈ T (x)

arbitrarily and define a mapping Tr : C → C as follows:

Tr (x) =
{

u ∈ C : �(wx , u, v) + ϕ(v) − ϕ(u) + 1

r
〈u − x, v − u〉 ≥ 0, ∀v ∈ C

}
.

Then, there hold the following:

(a) Tr is single-valued;
(b) Tr is firmly nonexpansive (that is, for any u, v ∈ C, ‖Tr u − Trv‖2 ≤ 〈Tr u − Trv, u −v〉)

if

�(w1, Tr (x1), Tr (x2)) + �(w2, Tr (x2), Tr (x1)) ≤ 0,

for all (x1, x2) ∈ C × C and all wi ∈ T (xi ), i = 1, 2;
(c) F(Tr ) = (G E P)S;
(d) (GEP)S is closed and convex.

Proof (a) We claim that Tr is a single-valued map. Indeed, for each x ∈ C , take wx ∈ T (x)

arbitrarily. Then it is sufficient to show the existence and uniqueness of solutions of AP(GEP).
Existence of Solutions of AP(GEP): For the sake of simplicity, we write AP(GEP) as

follows: Find u ∈ C such that

r [�(wx , u, v) + ϕ(v) − ϕ(u)] + 〈u − x, v − u〉 ≥ 0, ∀v ∈ C.

For each v ∈ C , we define

G(v) = {z ∈ C : r [�(wx , z, v) + ϕ(v) − ϕ(z)] + 〈z − x, v − z〉 ≥ 0}.
Note that, for each v ∈ C , G(v) is nonempty since v ∈ G(v).

We shall prove that G is a KKM mapping. Suppose that there is a finite subset
{v1, v2, . . . , vn} of C and αi ≥ 0 for all i = 1, 2, . . . , n with

∑n
i=1 αi = 1 such that

v̂ =
n∑

i=1

αivi �∈ G(vi ), ∀i.

Then, we have

r
[
�(wx , v̂, vi ) + ϕ(vi ) − ϕ(v̂)

] + 〈v̂ − x, vi − v̂〉 < 0, ∀i.

Therefore,
n∑

i=1

αi r
[
�(wx , v̂, vi ) + ϕ(vi ) − ϕ(v̂)

] +
n∑

i=1

αi 〈v̂ − x, vi − v̂〉 < 0.
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Since � is an equilibrium-like function, it is easy to see that �(wx , v̂, v̂) = 0. Note that
condition (H3) implies the convexity of the functional v 
→ �(wx , v̂, v). By using the
convexity of ϕ, we get

0 = r
[
�(wx , v̂, v̂) + ϕ(v̂) − ϕ(v̂)

] + 〈v̂ − x, v̂ − v̂〉
≤

n∑
i=1

αi r
[
�(wx , v̂, vi ) + ϕ(vi ) − ϕ(v̂)

] +
n∑

i=1

αi 〈v̂ − x, vi − v̂〉
< 0,

a contradiction. Hence, G is a KKM mapping.
Since G(v)

w
[the weak closure of G(v)] is a weakly closed subset of a bounded set C

in H , it is weakly compact. Hence, by Lemma 3,
⋂

v∈C G(v)
w �= ∅. Let u ∈ ⋂

v∈C G(v)
w

.
Then, for each v ∈ C , there exists a sequence {zm} in G(v) such that zm ⇀ u. Therefore,

r [�(wx , zm, v) + ϕ(v) − ϕ(zm)] + 〈zm − x, v − zm〉 ≥ 0. (1)

Since the norm ‖ · ‖ is weakly lower semicontinuous, we have

lim sup
m→∞

〈zm − x, v − zm〉 = lim sup
m→∞

[〈zm − x, v〉 + 〈x, zm〉 − ‖zm‖2]
≤ lim

m→∞〈zm − x, v〉 + lim
m→∞〈x, zm〉

− lim inf
m→∞ ‖zm‖2

≤ 〈u − x, v − u〉.
Since ϕ is a lower semicontinuous and convex functional, it is weakly lower semicontinuous.
Note that conditions (H1) and (H2) imply the weakly upper semicontinuity of the functional
z 
→ �(wx , z, v). Thus, it follows from (1) that

r [�(wx , u, v) + ϕ(v) − ϕ(u)] + 〈u − x, v − u〉
≥ r

[
lim sup
m→∞

�(wx , zm, v) + ϕ(v) − lim inf
m→∞ ϕ(zm)

]

+ lim sup
m→∞

〈zm − x, v − zm〉
≥ lim sup

m→∞
{r [�(wx , zm, v) + ϕ(v) − ϕ(zm)] + 〈zm − x, v − zm〉}

≥ 0.

This shows that the auxiliary problem AP(GEP) has a solution u ∈ C .
Uniqueness of Solutions of AP(GEP): Let u1 and u2 be two solutions of AP(GEP). Then,

for all v ∈ C ,

r [�(wx , u1, v) + ϕ(v) − ϕ(u1)] + 〈u1 − x, v − u1〉 ≥ 0, (2)

and

r [�(wx , u2, v) + ϕ(v) − ϕ(u2)] + 〈u2 − x, v − u2〉 ≥ 0. (3)

Taking v = u2 in (2) and v = u1 in (3), and adding up these two inequalities, we obtain

r [�(wx , u1, u2) + ϕ(u2) − ϕ(u1)] + 〈u1 − x, u2 − u1〉
+r [�(wx , u2, u1) + ϕ(u1) − ϕ(u2)] + 〈u2 − x, u1 − u2〉 ≥ 0. (4)

Since � is an equilibrium-like function, we have

�(wx , u1, u2) + �(wx , u2, u1) = 0,

123



J Glob Optim (2009) 43:487–502 493

and hence from (4) we get

‖u2 − u1‖2 = 〈u2 − u1, u2 − u1〉 ≤ 0.

This implies that u1 = u2. Thus, the solution of AP(GEP) is unique. Therefore, Tr is a single-
valued map.
(b) We claim that Tr is firmly nonexpansive. Indeed, for each x1, x2 ∈ C , let us define

u1 = Tr (x1) and u2 = Tr (x2).

Then according to the definition of Tr , there are wxi ∈ T (xi ) for i = 1, 2 such that

r
[
�(wx1 , u1, v) + ϕ(v) − ϕ(u1)

] + 〈u1 − x1, v − u1〉 ≥ 0, (5)

and

r
[
�(wx2 , u2, v) + ϕ(v) − ϕ(u2)

] + 〈u2 − x2, v − u2〉 ≥ 0. (6)

Taking v = u2 in (5) and v = u1 in (6), and adding up these two inequalities, we obtain[
�(wx1 , u1, u2) + ϕ(u2) − ϕ(u1)

] + 〈u1 − x1, u2 − u1〉
+ r

[
�(wx2 , u2, u1) + ϕ(u1) − ϕ(u2)

] + 〈u2 − x2, u1 − u2〉 ≥ 0. (7)

Since

�(wx1 , Tr (x1), Tr (x2)) + �(wx2 , Tr (x2), Tr (x1)) ≤ 0,

it follows from (7) that

0 ≤ 〈u1 − x1, u2 − u1〉 + 〈u2 − x2, u1 − u2〉 = 〈x2 − x1, u2 − u1〉 − ‖u2 − u1‖2,

that is,

‖Tr (x2) − Tr (x1)‖2 ≤ 〈Tr (x2) − Tr (x1), x2 − x1〉.
This shows that Tr is firmly nonexpansive.
(c) We claim that F(Tr ) = (GEP)S . Indeed, we observe that

x ∈ F(Tr ) ⇔ Tr x = x
⇔ r [�(wx , x, v) + ϕ(v) − ϕ(x)] + 〈x − x, v − x〉, ∀v ∈ C
⇔ �(wx , x, v) + ϕ(v) − ϕ(x) ≥ 0, ∀v ∈ C
⇔ x ∈ (GEP)S .

(d) We claim that (GEP)S is closed and convex. Indeed, since by conclusion (c), F(Tr ) =
(GEP)S , it is sufficient to show that F(Tr ) is closed and convex. Let {xn} be a sequence in
F(Tr ) satisfying xn → x ∈ C as n → ∞. Then we have

Tr (x) = lim
n→∞ Tr (xn) = lim

n→∞ xn = x .

This implies that x ∈ F(Tr ). Thus F(Tr ) is closed.
Now, it remains to show the convexity of F(Tr ). Let x1 and x2 be any elements of F(Tr ).

Then for any t ∈ [0, 1], we write z = t x1 + (1 − t)x2. Observe that

‖Tr z − z‖2 = ‖t (Tr z − x1) + (1 − t)(Tr z − x2)‖2

= t‖Tr z − x1‖2 + (1 − t)‖Tr z − x2‖2 − t (1 − t)‖x1 − x2‖2

≤ t (1 − t)2‖x1 − x2‖2 + (1 − t)t2‖x1 − x2‖2

−t (1 − t)‖x1 − x2‖2

= 0,
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which implies that Tr z = z, that is, z ∈ F(Tr ). Thus, F(Tr ) is convex. This completes the
proof. ��

On account of the above result and Nadler’s theorem, we propose an iterative scheme by
the viscosity approximation method for finding a common element of the set of solutions of
(GEP) and the set of fixed points of the nonexpansive mapping S : C → C .

Let {αn} be a sequence in [0, 1] and {rn} be a sequence in (0,∞). Let f be a contraction
mapping of C into itself with constant α ∈ (0, 1). For given x1 ∈ C and w1 ∈ T (x1), from
Theorem 1, we know that the following auxiliary problem has a unique solution u1 =
Tr1(x1) ∈ C , that is,

�(w1, u1, v) + ϕ(v) − ϕ(u1) + 1

r1
〈u1 − x1, v − u1〉 ≥ 0, ∀v ∈ C.

Utilizing u1 ∈ C , we define

x2 = α1 f (x1) + (1 − α1)Su1.

Since w1 ∈ T (x1), by Nadler’s theorem (Nadler 1969), there exists w2 ∈ T (x2) such that

‖w1 − w2‖ ≤ (1 + 1)H (T (x1), T (x2)) .

By Theorem 1 again, the following auxiliary problem has a unique solution u2 = Tr2

(x2)∈ C , that is,

�(w2, u2, v) + ϕ(v) − ϕ(u2) + 1

r2
〈u2 − x2, v − u2〉 ≥ 0, ∀v ∈ C.

Utilizing u2 ∈ C , we define

x3 = α2 f (x2) + (1 − α2)Su2.

Since w2 ∈ T (x2), by Nadler’s theorem (Nadler 1969), there exists w3 ∈ T (x3) such that

‖w2 − w3‖ ≤
(

1 + 1

2

)
H(T (x2), T (x3)).

By induction, we obtain the following iterative algorithm for finding a common element
of the set of solutions of (GEP) and the set of fixed points of the nonexpansive mapping
S : C → C .

Algorithm 1 For given x1 ∈ C and w1 ∈ T (x1), there exist sequences {wn} ⊆ H and
{xn}, {un} ⊆ C such that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

wn ∈ T (xn), ‖wn − wn+1‖ ≤
(

1 + 1

n

)
H (T (xn), T (xn+1)) ,

�(wn, un, v) + ϕ(v) − ϕ(un) + 1

rn
〈un − xn, v − un〉 ≥ 0, ∀v ∈ C,

xn+1 = αn f (xn) + (1 − αn)Sun, n = 1, 2, . . . .

(8)

If S ≡ I the identity mapping and rn ≡ r > 0, then Algorithm 1 reduces the following
algorithm.
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Algorithm 2 For given x1 ∈ C and w1 ∈ T (x1), there exist sequences {wn}⊆ H and
{xn}, {un} ⊆ C such that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

wn ∈ T (xn), ‖wn − wn+1‖ ≤
(

1 + 1

n

)
H (T (xn), T (xn+1)) ,

�(wn, un, v) + ϕ(v) − ϕ(un) + 1

r
〈un − xn, v − un〉 ≥ 0, ∀v ∈ C,

xn+1 = αn f (xn) + (1 − αn)un, n = 1, 2, . . . .

4 Strong convergence results

Now, we prove the strong convergence of sequences generated by the Algorithms 1 and 2.

Theorem 2 Let C be a nonempty, bounded, closed and convex subset of a real Hilbert space
H and let ϕ : C → R be a lower semicontinuous and convex functional. Let T : C → C B(H)

be H-Lipschitz continuous with constant µ, � : H × C × C → R be an equilibrium-like func-
tion satisfying (H1)−(H3) and S be a nonexpansive mapping of C into itself such that
F(S)

⋂
(G E P)S �= ∅. Let f be a contraction of C into itself and let {xn}, {wn} and {un} be

sequences generated by (8), where {αn} ⊆ [0, 1] and {rn} ⊆ (0,∞) satisfy

lim
n→∞ αn = 0,

∞∑
n=1

αn = ∞,

∞∑
n=1

|αn+1 − αn | < ∞,

lim inf
n→∞ rn > 0 and

∞∑
n=1

|rn+1 − rn | < ∞.

If there exists a constant λ > 0 such that

�(w1, Tr1(x1), Tr2(x2)) + �(w2, Tr2(x2), Tr1(x1)) ≤ −λ‖Tr1(x1) − Tr2(x2)‖2 (9)

for all (r1, r2) ∈ 
×
, (x1, x2) ∈ C ×C and wi ∈ T (xi ), i = 1, 2, where 
 = {rn : n ≥ 1},
then for x̂ = PF(S)∩(G E P)S f (x̂), there exists ŵ ∈ T (x̂) such that (x̂, ŵ) is a solution
of (GEP) and

xn → x̂, wn → ŵ and un → x̂, as n → ∞.

Proof It follows from condition (9) that for each r ∈ 
 = {rn : n ≥ 1}
�(w1, Tr (x1), Tr (x2)) + �(w2, Tr (x2), Tr (x1)) ≤ −λ‖Tr (x1) − Tr (x2)‖2 ≤ 0,

for all (x1, x2)∈ C ×C and wi ∈ T (xi ), i = 1, 2. Hence all conclusions (a)−(d) of Theorem 1
hold. Let Q = PF(S)∩(GEP)S . Then Q f is a contraction on C into itself.

Indeed, since f is a contraction with constant α ∈ (0, 1), we have ‖Q f (x) − Q f (y)‖ ≤
‖ f (x)− f (y)‖ ≤ α‖x − y‖ for all x, y ∈ C . Therefore, Q f is a contraction of C into itself,
which implies that there exists a unique element q ∈ C such that q = Q f (q).

We divide the remainder of the proof into three steps.

Step 1. We claim that there exist x̂ ∈ C and ŵ ∈ T (x̂) such that

xn → x̂, wn → ŵ and un → x̂, as n → ∞.
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Indeed, since C is bounded, the sequences {xn} and {un} are bounded. Hence, {Sun} and
{ f (xn)} are also bounded. Next we show that ‖xn+1 − xn‖ → 0. Observe that

‖xn+1 − xn‖
= ‖αn f (xn) + (1 − αn)Sun − αn−1 f (xn−1) − (1 − αn−1)Sun−1‖
= ‖αn f (xn) − αn f (xn−1) + αn f (xn−1) − αn−1 f (xn−1)

+ (1 − αn)Sun − (1 − αn)Sun−1 + (1 − αn)Sun−1

− (1 − αn−1)Sun−1‖
≤ αnα‖xn − xn−1‖ + |αn − αn−1|K + (1 − αn)‖un − un−1‖

+|αn − αn−1|K
≤ αnα‖xn − xn−1‖ + 2|αn − αn−1|K + (1 − αn)‖un − un−1‖,

(10)

where K = sup{‖ f (xn)‖ + ‖Sun‖ : n ≥ 1}. On the other hand, from un = Trn xn and un+1

= Trn+1 xn+1, we have

�(wn, un, v) + ϕ(v) − ϕ(un) + 1

rn
〈un − xn, v − un〉 ≥ 0, ∀v ∈ C, (11)

and

�(wn+1, un+1, v) + ϕ(v) − ϕ(un+1) + 1

rn+1
〈un+1 − xn+1, v − un+1〉 ≥ 0, (12)

for all v ∈ C . Putting v = un+1 in (11) and v = un in (12), we have

�(wn, un, un+1) + ϕ(un+1) − ϕ(un) + 1

rn
〈un − xn, un+1 − un〉 ≥ 0,

and

�(wn+1, un+1, un) + ϕ(un) − ϕ(un+1) + 1

rn+1
〈un+1 − xn+1, un − un+1〉 ≥ 0.

Adding up the last two inequalities, we derive from condition (9)

−λ‖un − un+1‖2 +
〈
un+1 − un,

un − xn

rn
− un+1 − xn+1

rn+1

〉
≥ 0,

and hence

−rnλ‖un − un+1‖2 +
〈
un+1 − un, un − un+1 + un+1 − xn − rn

rn+1
(un+1 − xn+1)

〉
≥ 0.

Since lim infn→∞ rn > 0, without loss of generality, we may assume that there exists a real
number b > 0 such that rn > b for all n ≥ 1. Then we have

‖un+1 − un‖2 ≤ −rnλ‖un+1 − un‖2 +
〈
un+1 − un, xn+1 − xn

+
(

1 − rn

rn+1

)
(un+1 − xn+1)

〉

≤ −rnλ‖un+1 − un‖2 + ‖un+1 − un‖{‖xn+1 − xn‖
+ |1 − rn

rn+1
|‖un+1 − xn+1‖},
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and hence

‖un+1 − un‖ ≤ −rnλ‖un+1 − un‖ + ‖xn+1 − xn‖ + 1

rn+1
|rn+1 − rn |‖un+1 − xn+1‖

≤ −bλ‖un+1 − un‖ + ‖xn+1 − xn‖ + 1

b
|rn+1 − rn |L ,

where L = sup{‖un − xn‖ : n ≥ 1}. This implies that

‖un+1 − un‖ ≤ θ‖xn+1 − xn‖ + (L/b)|rn+1 − rn |, (13)

where θ = 1/(1 + bλ). Thus, from (10) we have

‖xn+1 − xn‖
≤ αnα‖xn − xn−1‖ + 2|αn − αn−1|K

+ (1 − αn)(θ‖xn − xn−1‖ + L

b
|rn − rn−1|)

= (αnα + (1 − αn)θ)‖xn − xn−1‖ + 2|αn − αn−1|K
+ (1 − αn)

L

b
|rn − rn−1|

≤ κ‖xn − xn−1‖ + 2K |αn − αn−1| + L

b
|rn − rn−1|,

(14)

where κ = max{α, θ} = max{α, 1/(1 + bλ)}.
Now put

an = ‖xn − xn−1‖, γn = 1 − κ, and δn = 2K |αn − αn−1| + L

b
|rn − rn−1|,

for each n ≥ 1. Then
∑∞

n=1 γn = ∞ and
∑∞

n=1 δn < ∞. Moreover, (14) can be rewritten as

an+1 ≤ (1 − γn)an + δn, ∀n ≥ 1.

From Lemma 4, we have an → 0 as n → ∞, that is, ‖xn+1 − xn‖ → 0 as n → ∞.
Consequently, for any given ε > 0, there exists an integer N0 ≥ 1 such that for all integers
m and n with m > n ≥ N0,

‖xn − xn−1‖ < ε and
m∑

j=n

[
2K |α j − α j−1| + L

b
|r j − r j−1|

]
< ε.

This together with (14) implies that for all integers m and n with m > n ≥ N0,

‖xm − xn‖ ≤
m−1∑
j=n

‖x j+1 − x j‖

≤ κ

m−1∑
j=n

‖x j − x j−1‖ +
m−1∑
j=n

[
2K |α j − α j−1| + L

b
|r j − r j−1|

]

= κ

m−1∑
j=n

‖x j+1 − x j‖ − κ‖xm − xm−1‖ + κ‖xn − xn−1‖

+
m−1∑
j=n

[
2K |α j − α j−1| + L

b
|r j − r j−1|

]
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≤ κ

m−1∑
j=n

‖x j+1 − x j‖ + (1 + κ)ε,

and so

‖xm − xn‖ ≤
m−1∑
j=n

‖x j+1 − x j‖ ≤ 1 + κ

1 − κ
ε. (15)

This shows that {xn} is a Cauchy sequence in C . Let limn→∞ xn = x̂ . Since T : C → C B(H)

is a H-Lipschitz continuous multivalued map with constant µ, from (8) we obtain

‖wn − wn+1‖ ≤
(

1 + 1

n

)
H (T (xn), T (xn+1)) ≤

(
1 + 1

n

)
µ‖xn − xn+1‖.

From (15), we conclude that for all integers m and n with m > n ≥ N0,

‖wm − wn‖ ≤
m−1∑
j=n

‖w j+1 − w j‖ ≤
m−1∑
j=n

(
1 + 1

j

)
µ‖x j+1 − x j‖ ≤ 2µ

1 + κ

1 − κ
ε.

Therefore, {wn} is a Cauchy sequence in a complete space H and hence there exists ŵ ∈ H
such that wn → ŵ as n → ∞.

On the other hand, we prove that ŵ ∈ T (x̂). Indeed, since wn ∈ T (xn) and

d(wn, T (x̂)) ≤ max

{
d(wn, T (x̂)), sup

w∈T (x̂)

d(T (xn), w)

}

≤ max

{
sup

z∈T (xn)

d(z, T (x̂)), sup
w∈T (x̂)

d(T (xn), w)

}

= H (
T (xn), T (x̂)

)
.

We derive

d(ŵ, T (x̂)) ≤ ‖ŵ − wn‖ + d(wn, T (x̂))

≤ ‖ŵ − wn‖ + H (
T (xn), T (x̂)

)
≤ ‖ŵ − wn‖ + µ‖xn − x̂‖ → 0, as n → ∞,

which implies that d(ŵ, T (x̂)) = 0. Since T (x̂) ∈ CB(H), it follows that ŵ ∈ T (x̂).
Furthermore, from (13) and (15), we obtain for all integers m and n with m > n ≥ N0,

‖um − un‖ ≤
m−1∑
j=n

‖u j+1 − u j‖

≤
m−1∑
j=n

(θ‖x j+1 − x j‖ + (L/b)|r j+1 − r j |)

≤
m−1∑
j=n

θ‖x j+1 − x j‖ +
m−1∑
j=n

[
2K |α j+1 − α j |

+(L/b)|r j+1 − r j |
]

≤ θ
1 + κ

1 − κ
ε + ε
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=
(

θ
1 + κ

1 − κ
+ 1

)
ε.

Thus {un} is a Cauchy sequence in C . Let un → û ∈ C as n → ∞.
Since xn = αn−1 f (xn−1) + (1 − αn−1)Sun−1, we have

‖xn − Sun‖ ≤ ‖xn − Sun−1‖ + ‖Sun−1 − Sun‖
≤ αn−1‖ f (xn−1) − Sun−1‖ + ‖un−1 − un‖.

Since αn → 0, we have ‖xn − Sun‖ → 0. For p ∈ F(S)
⋂

(GEP)S , we have

‖un − p‖2 = ‖Trn xn − Trn p‖2

≤ 〈Trn xn − Trn p, xn − p〉
= 〈un − p, xn − p〉
= 1

2

(‖un − p‖2 + ‖xn − p‖2 − ‖xn − un‖2) ,

and hence

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2.

Therefore, from the convexity of ‖ · ‖2, we have

‖xn+1 − p‖2 ≤ αn‖ f (xn) − p‖2 + (1 − αn)‖Sun − p‖2

≤ αn‖ f (xn) − p‖2 + (1 − αn)‖un − p‖2

≤ αn‖ f (xn) − p‖2 + (1 − αn)(‖xn − p‖2 − ‖xn − un‖2),

and hence

(1 − αn)‖xn − un‖2 ≤ αn‖ f (xn) − p‖2 + (1 − αn)‖xn − p‖2

−‖xn+1 − p‖2

≤ αn‖ f (xn) − p‖2

+‖xn − xn+1‖(‖xn − p‖ + ‖xn+1 − p‖).
So, we have ‖xn − un‖ → 0. Since

‖un − x̂‖ ≤ ‖un − xn‖ + ‖xn − x̂‖,
we have un → x̂ .

Step 2. We claim that x̂ ∈ F(S) ∩ (GEP)S . Indeed, since

‖Sx̂ − x̂‖ ≤ ‖Sx̂ − Sun‖ + ‖Sun − xn‖ + ‖xn − un‖ + ‖un − x̂‖
≤ ‖Sun − xn‖ + ‖xn − un‖ + 2‖un − x̂‖,

we have Sx̂ = x̂ . Hence, x̂ ∈ F(S). Let us show x̂ ∈ (GEP)S . By un = Trn xn , we have

�(wn, un, v) + ϕ(v) − ϕ(un) + 1

rn
〈un − xn, v − un〉 ≥ 0, ∀v ∈ C.

Since limn→∞ ‖un − xn‖ = 0, from condition (H1) and the lower semicontinuity of ϕ we
derive

�(ŵ, x̂, v) + ϕ(v) − ϕ(x̂) ≥ 0, ∀v ∈ C.
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This implies that x̂ ∈ (GEP)S . Consequently, x̂ ∈ F(S) ∩ (GEP)S .

Step 3. We claim that x̂ = q , where q = PF(S)∩(GEP)S f (q). Indeed, by Step 2 we have

lim
n→∞〈 f (q) − q, xn − q〉 = 〈 f (q) − q, x̂ − q〉 ≤ 0. (16)

Note that xn+1 − q = (1 − αn)(Sun − q) + αn( f (xn) − q). Then by Lemma 1, we have

‖xn+1 − q‖2 ≤ (1 − αn)2‖Sun − q‖2 + 2αn〈 f (xn) − q, xn+1 − q〉
= (1 − αn)2‖Sun − q‖2

+2αn〈 f (xn) − f (q) + f (q) − q, xn+1 − q〉
≤ (1 − αn)2‖un − q‖2 + 2αnα‖xn − q‖‖xn+1 − q‖

+2αn〈 f (q) − q, xn+1 − q〉
≤ (1 − αn)2‖un − q‖2 + αnα{‖xn − q‖2 + ‖xn+1 − q‖2}

+2αn〈 f (q) − q, xn+1 − q〉.
This implies that

‖xn+1 − q‖2 ≤ (1 − αn)2 + αnα

1 − αnα
‖xn − q‖2 + 2αn

1 − αnα
〈 f (q) − q, xn+1 − q〉

=
(

1 − 2(1 − α)αn

1 − αnα

)
‖xn − q‖2 + 2(1 − α)αn

1 − αnα

{
αn

2(1 − α)
‖xn − q‖2

+ 1

1 − α
〈 f (q) − q, xn+1 − q〉

}
.

Put γn = 2(1−α)αn
1−αnα

. Then
∑∞

n=1 γn = ∞ and limn→∞ γn = 0. Since

lim
n→∞

{
αn

2(1 − α)
‖xn − q‖2 + 1

1 − α
〈 f (q) − q, xn+1 − q〉

}
= 0,

by Lemma 4, we know that limn→∞ ‖xn −q‖ = 0. According to the uniqueness of the limit,
we get q = x̂ . This completes the proof. ��
Example 1 We now illustrate condition (9) by virtue of an example.

Let H = C = R and let the inner product 〈·, ·〉 and norm ‖ · ‖ in H = R be defined in the
usual sense as

〈x, y〉 = xy, ∀x, y ∈ H, and ‖x‖ = |x |, ∀x ∈ H.

Let r be a positive constant with 0 < r < 1
2 and put rn = r, ∀n ≥ 1. Then 
 := {rn : n ≥

1} = {r}.
Let us define T : C → C B(H) and � : H × C × C → R as follows:

T x = 2x, ∀x ∈ H, and �(w, x, y) = 〈w, y − x〉, ∀(w, x, y) ∈ H × C × C.

Let x1 and x2 be arbitrary elements in C . Observe that for w1 = T x1 = 2x1 and
w2 = T x2 = 2x2,

�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1)

= 〈w1, Tr x2 − Tr x1〉 + 〈w2, Tr x1 − Tr x2〉
= 〈2x1, Tr x2 − Tr x1〉 + 〈2x2, Tr x1 − Tr x2〉
= −2〈x1 − x2, Tr x1 − Tr x2〉. (17)
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On the other hand, let us define

u1 = Tr x1 and u2 = Tr x2.

Then according to the definition of Tr , there hold the following inequalities for w1 = T x1 =
2x1 and w2 = T x2 = 2x2,

r [�(w1, u1, v) + ϕ(v) − ϕ(u1)] + 〈u1 − x1, v − u1〉 ≥ 0, (18)

and

r [�(w2, u2, v) + ϕ(v) − ϕ(u2)] + 〈u2 − x2, v − u2〉 ≥ 0. (19)

Taking v = u2 in (18) and v = u1 in (19), and adding up these two inequalities, we obtain

0 ≤ r [�(w1, u1, u2) + ϕ(u2) − ϕ(u1)] + 〈u1 − x1, u2 − u1〉
+r [�(w2, u2, u1) + ϕ(u1) − ϕ(u2)] + 〈u2 − x2, u1 − u2〉

= r [�(w1, u1, u2) + �(w2, u2, u1)] + 〈u1 − x1, u2 − u1〉
+〈u2 − x2, u1 − u2〉

= r [�(w1, u1, u2) + �(w2, u2, u1)] + 〈x2 − x1, u2 − u1〉 − ‖u2 − u1‖2

= r [�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1)] + 〈x2 − x1, Tr x2 − Tr x1〉
−‖Tr x2 − Tr x1‖2,

which together with (17), implies that

‖Tr x2 − Tr x1‖2 ≤ r [�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1)]
+〈x2 − x1, Tr x2 − Tr x1〉

= r [�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1)]
−1

2
[�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1)]

= −
(

1

2
− r

)
[�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1)].

Therefore, it follows that

�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1) ≤ −λ‖Tr x2 − Tr x1‖2,

where λ = 2/(1−2r). This shows that inequality (9) holds for all (r1, r2)∈ 
×
, (x1, x2) ∈
C × C and wi ∈ T (xi ), i = 1, 2.

As a direct consequence of Theorem 2, we obtain the following result.

Corollary 1 Let C be a nonempty, bounded, closed and convex subset of a real Hilbert space
H and ϕ : C → R be a lower semicontinuous and convex functional. Let T : C → C B(H)

be a H-Lipschitz continuous multivalued map with constant µ, � : H × C × C → R be
an equilibrium-like function satisfying (H1)−(H3) and S be a nonexpansive mapping of C
into itself such that F(S) ∩ (GEP)S �= ∅. Let r be a positive parameter, f be a contraction
of C into itself and {xn}, {wn} and {un} be sequences generated by Algorithm 2, where
{αn} ⊆ [0, 1] satisfies

lim
n→∞ αn = 0,

∞∑
n=1

αn = ∞ and
∞∑

n=1

|αn+1 − αn | < ∞.
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If there exists a constant λ > 0 such that

�(w1, Tr x1, Tr x2) + �(w2, Tr x2, Tr x1) ≤ −λ‖Tr x1 − Tr x2‖2

for all (x1, x2) ∈ C × C and wi ∈ T (xi ), i = 1, 2, then for x̂ = PF(S)∩ (GEP)S f (x̂),
there exists ŵ ∈ T (x̂) such that (x̂, ŵ) is a solution of (GEP) and

xn → x̂, wn → ŵ and un → x̂, as n → ∞.
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